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Kinetic study of ion acoustic twisted waves with kappa distributed electrons
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The kinetic theory of Landau damping of ion acoustic twisted modes is developed in the presence
of orbital angular momentum of the helical (twisted) electric field in plasmas with kappa
distributed electrons and Maxwellian ions. The perturbed distribution function and helical electric
field are considered to be decomposed by Laguerre-Gaussian mode function defined in cylindrical
geometry. The Vlasov-Poisson equation is obtained and solved analytically to obtain the weak
damping rates of the ion acoustic twisted waves in a non-thermal plasma. The strong damping
effects of ion acoustic twisted waves at low values of temperature ratio of electrons and ions are
also obtained by using exact numerical method and illustrated graphically, where the weak
damping wave theory fails to explain the phenomenon properly. The obtained results of Landau
damping rates of the twisted ion acoustic wave are discussed at different values of azimuthal wave
number and non-thermal parameter kappa for electrons. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4947555]
I. INTRODUCTION
In this modern age, electromagnetic (EM) fields have
various applications in fundamental research, communica-
tion, and home appliances. Even though, there are still some
subtle features of electromagnetic field known to us a cen-
tury ago,1 yet to be utilized. It is because of the technical
complexities to sense three dimensional (3D) electromag-
netic field. An important characteristic of electromagnetic
field is its orbital angular momentum (OAM),2–5 used in
modern experiments that involve trapping of atoms, mole-
cules, and microscopic particles6 using laser fields and inter-
action between photon and atmospheric turbulence.7 The
orbital angular momentum (OAM) is mostly used in optical
frequency range8 for fast encoding of information in free
space communication but not fully in the radio frequency
range. Now scientists are interested in studying the effect of
orbital angular momentum (OAM) in other research areas
like radio waves9 and modern radio telescopes like the Low
Frequency Array (LOFAR) or European Incoherent Scatter
(EISCAT) ionospheric radar facility to observe 3D plasma
dynamics in the ionosphere or Lunar Infrastructure for
Exploration (LIFE),10 inverse Faraday effect,11 neutrino
physics,12 and plasmas.13
For many years, the characteristics of one form of elec-
tromagnetic radiation, such as laser beams, have been stud-
ied in optics. These Laser beams consist of distinct laser
modes.14 The most common of laser modes is the Hermite-
Gaussian (HG) modes but other modes like Laguerre-
Gaussain (LG) and Bessel-Gaussain (BL) modes may exist
in smaller amounts. Using suitable optical devices, the
Hermite-Gaussian (HG) beams can be converted into
Laguerre-Gaussain (LG) modes.15 The Laguerre-Gaussain
(LG) modes exhibit characteristic orbital angular momen-
tum.16 The ring shape morphology of a beam with orbital
angular momentum (OAM) is ideal for the observation of so-
lar corona around the sun where the intensity of the beam is
minimum at the center, in solar experiments,17 astrophysical
environment,18 and earth’s ionosphere.19
In recent years, stimulated scattering instabilities are
investigated in dense quantum (degenerate electron-non-
degenerate ion) plasma for the coherent circularly polarized
electromagnetic (CPEM) waves carrying orbital angular
momentum.20 The three dimensional modified kinetic
Alfven wave (3D m-KAW) is estimated using Ampere’s law
and two fluid model in a magnetized plasma, which are
outcome of plasma density whirls or magnetic flux ropes
with orbital angular momentum. These 3D m-KAWs are
termed as Alfvenic tornadoes21 and have solution like
Laguerre-Gaussian Alfvenic vortex beam in the presence of
plasma density whirls. Some certain scattering phenomenon
like (stimulated Raman and Brillouin backscattering) is
observed to be responsible for the interaction between elec-
trostatic and electromagnetic waves through orbital angular
momentum.22 The trapping and transport of dust particles
are predicted with the twisted dust acoustic (DA) vortex
beam.23 The twisted electrostatic and electromagnetic
plasma modes are supposed to exhibit special characteristics
in the presence of orbital angular momentum.24 Shukla
obtained the dispersive shear Alfven wave (DSAW) modes
from generalized ion vorticity and electron momentum equa-
tions aligned with the magnetic field25 in a magnetized
plasma. These modes are capable of trapping and transport
of particles in Earth’s auroral zone, in the solar atmosphere,
and in Large Plasma Device (LAPD) at University of
California, Los Angeles.
Leyser26 studied experimentally the creation and pump-
ing of radio beam with helical wave front carrying OAM
into the ionospheric plasma under High frequency Active
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Auroral Research Program (HAARP). The optical emission
spectrum of pumped plasma turbulence shows the character-
istics of ring shaped morphology due to pumped twisted
radio beam. In further studies, the braided electrostatic ion
cyclotron (ESIC) modes are predicted in Saturn’s F-ring27 in
a dusty magnetoplasma. Such modes have ability to trap and
transport particles in a magnetized plasma. When solar wind
excites the 3D kinetic Alfven wave (KAW), the wave grows
as modulational instability28 in the form of a vortex beam,
which confirms the presence of OAM of wave eigen modes.
The kinetic theory for the twisted electron modes29 and
ion acoustic plasma vortices30 has been developed by consid-
ering Maxwellian distribution. These waves could be excited
by nonlinear decay of laser beams with orbital angular
momentum (OAM) or rotating electron beams. These com-
plex helical wave structures develop new features of the
Landau resonance and instabilities. But most of the space
plasmas and in some laboratory experiments the charged par-
ticles have shown non-Maxwellian or non-thermal distribu-
tion of particles.31–33 These non-thermal charged particles in
most of the cases are electrons that can be described well by
using generalized Lorentzian or kappa (non-Maxwellian)
distribution function.34
In this manuscript, kinetic theory is applied to study the
ion acoustic waves in the presence of electric field carrying or-
bital angular momentum in a plasma containing Maxwellian
ions and non-Maxwellian electrons described by the
Maxwellian and generalized Lorentzian or kappa distribution
functions. The manuscript is composed of various sections.
Section II contains basic set of equations (Vlasov equation,
Poisson equation, and paraxial equation) for the twisted ion
acoustic waves. In Section III, the modified plasma dispersion
function with electric field having orbital angular momentum
is derived for kappa distributed electrons and Maxwellian
distributed ions by decomposing the potential and distribution
function in Laguerre-Gaussian (LG) modes. By using the
modified dispersion function, the dielectric function of twisted
ion acoustic wave in plasmas with nonthermal electrons and
thermal ions and the weak Landau damping rates of the wave
are calculated analytically. In Section IV, the numerical plots
for weak Landau damping rates and exact numerical solution
for strong Landau damping effects by using Newton Raphson
method are illustrated. Finally, the conclusion is presented in
the same section.
II. THEORETICAL MODEL
In this section, we will present the basic equations to
describe the kinetic theory of ion acoustic wave acquiring
some specific orbital angular momentum. The distribution
function faðr; v; tÞ can be obtained from the well known
Vlasov equation, where a ¼ e (i) for the electrons (ions). By
applying the perturbation analysis, the distribution function
faðr; v; tÞ of the ion acoustic waves splits into two parts, a
perturbed part f^a and a background part fa0 given by the
expression fa ¼ fa0 þ f^a . Now, we will perform linearization
on the Vlasov equation with respect to perturbation, which
gives us
@
@t
þ v  @
@r
 
f^a  qaE  @
@pa
fa0 ¼ 0: (1)
Here pa represents the momentum such that pa ¼ mav and
E is the electric field E ¼ r/. The electric field can be
calculated from the linearized Poisson equation given
below
r2/ ¼ 4p
X
a¼e; i
qa
ð
f^ aðvÞdv: (2)
Consider the propagation of the ion acoustic plasma wave
with slowly varying amplitude along the z-axis, i.e., exp(ikz),
such that
r2/ ¼ ð@2?  k2 þ 2ik@zÞ/: (3)
Here, the transverse Laplacian operator @2? is written as
@2? ¼ ð1=rÞ@=@rðr@=@rÞ þ ð1=r2Þ@2=@h2 in cylindrical
coordinate system. The field gradually varies along the z-
axis such that @2z/ 2k@z/. Under these conditions, the
wave has a finite orbital angular momentum corresponding
to the potential / and they satisfy the paraxial equation given
by
ð@2? þ 2ik@zÞ/ ¼ 0: (4)
The existence of these waves is such that they must satisfy
the Poisson equation (2) which gives
k2/ ¼ 4p
X
a¼e; i
qa
ð
f^ aðvÞdv: (5)
Here, qe ¼ e and qi ¼ e (where e is the electronic
charge). Equations (1)–(5) are the basis of the ion acoustic
plasma waves with orbital angular momentum of the electric
field.
III. PLASMA DISPERSION FUNCTION WITH HELICAL
ELECTRIC FIELD
We will consider the solutions of paraxial equation
Eq. (4) for the calculation of modified plasma dispersion
function in the presence of orbital angular momentum. These
solutions can be obtained by the superposition of Laguerre-
Gaussian (LG) functions described in cylindrical coordinate
system r ¼ ðr; h; zÞ. By definition of Laguerre-Gaussian
(LG) function Fplðr; zÞ (which is described in Ref. 34 with its
properties as well), the potential /ðr; tÞ can be written as
follows:
/ðr; tÞ ¼
X
pl
~/plFplðr; zÞeiheikzixt: (6)
Here, ~/pl is the mode amplitude and integers p and l are the
radial and angular mode numbers, while h denotes the azi-
muthal angle. Using spatial structure of given potential
described in Eq. (6), the helical electric field can be written
in terms of keff (effective wave number) as E ¼ ikef f/,
where kef f is defined by the following expression:
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kef f ¼  i
Fpl
@rFpler þ l
r
eh þ k  i
Fpl
@zFpl
 
ez: (7)
Therefore, the helical electric field can also be resolved into
its components as follows:
Er ¼  @/
@r
¼  i
Fpl
@rFpl; (8)
Eh ¼  l
r
@/
@h
¼  il
r
/; (9)
and
Ez ¼  @/
@z
¼  ik þ 1
Fpl
@zFpl
 
/: (10)
The above set of Equations (8)–(10) confirms that the elec-
tric field exhibits helical structures instead of straight lines
(as in case of ordinary plane wave solutions) along the
z-direction. But in accordance with the paraxial approxima-
tion, the axial component of the electric field is still
dominant.
In order to obtain the solution of coupled Vlasov-
Poisson equations ((1) and (5)), we will decompose the
perturbed distribution function in Laguerre-Gaussian (LG)
modes such that
~faðvÞ ¼
X
pl
~f plðvÞFplðr; zÞeiheikzixt: (11)
Further, we will substitute the decomposed distribution func-
tion (11) into the standard Vlasov equation (1). The resultant
equation is then multiplied by Fpl and integrated in rdr with
orthogonality condition described in Ref. 34. After applying
the orthogonality condition, the final form of resultant equa-
tion is given as
~f pl ¼
X
a¼e; i
qa
ma
~/pl
xþ iyð Þ qef f  @vfa0
 
: (12)
Here, x and y can be defined as
x ¼ ðx kvzÞ  lqhvh; y ¼ ðqrvrþqzvzÞ; (13)
such that xþ iy ¼ ðx qef f  vÞ and
qef f ¼ iqr e^r þ lqhe^h þ ðk  iqzÞe^z: (14)
Here, the parameters qj and qh are defined as
qj ¼
ð1
0
Fpl@jFplrdr where ðj ¼ r; zÞ; qh ¼
ð1
0
F2pldr:
(15)
We will now use the value of decomposed perturbed distri-
bution function ~f pl from (12) into the Poisson equation (5),
to get the general form of plasma dielectric function. We
can write the plasma dielectric function ðx; k; lqhÞ for the
twisted ion acoustic waves in the presence of kappa distrib-
uted (non-thermal) electrons as follows:
 x; k; lqhð Þ ¼ 1þ
X
a¼e; i
x2pa
k2
ð
qef f  @vf0a
x qef f  vð Þ
dv; (16)
where vðx; k; lqhÞ is the susceptibility of electron-ion plasma
which is defined as
v x; k; lqhð Þ ¼
X
a¼e; i
x2pa
k2
ð
qef f  @vf0a
x qef f  vð Þ
dv:
Here, xpa ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4pn2a0q
2
a=ma
p
is the plasma frequency of the a
specie. It can be written as
ðx; k; lqhÞ ¼ 1þ veðx; lqh; kÞ þ viðx; lqh; kÞ: (17)
The above form of dielectric function in Equation (17) is
similar to those for the usual dielectric function with planar
electric field perturbations with an additional factor of azi-
muthal wave number lqh that appears due to the presence of
orbital angular momentum of the electric field. From Eq.
(16), we can write the modified condition of the Landau res-
onance in the presence of helical (twisted) electric field in
comparison with planar electric field case as follows:
x ¼ kvz þ lqhvh6iðqrvr þ qzvzÞ: (18)
The imaginary part y ¼ ðqrvr þ qzvzÞ can be neglected for
understanding the physical meaning of modified resonance
condition, which is valid only if jqrj; jqzj  jqhj is satisfied.
The modified resonance condition x ¼ kvz þ lqhvh resem-
bles the Landau cyclotron resonance for the magneto plasma
case.35
The susceptibility of electron-ion plasma carrying or-
bital angular momentum can be written in more simplified
form as
v x; lqh; kð Þ ¼
x2pe
k2
Zj;lqh nze; nheð Þ þ
x2pi
k2
Zj;lqh nzi; nhið Þ; (19)
where Zj;lqhðnze; nheÞ is the modified plasma dispersion func-
tion for electron (kappa distributed) and Zj;lqhðnzi; nhiÞ ion
(Maxwellian distributed) plasmas with orbital angular mo-
mentum of the helical electric field is defined as
Zj;lqh nza; nhað Þ ¼
X
a¼e; i
ð
1
uz  vz
@f0a
@vz
dvz þ 1
uh  vh
@f0a
@vh
dvh
 
:
(20)
Here nz ¼ uz=hk and nh ¼ uh=hk, where uz ¼ xk  lqhvhk
	 

and
uh ¼ xlqh 
kvz
lqh
	 

.
Equation (17) can be written in terms of plasma disper-
sion function as follows:
 x; k; lqhð Þ ¼ 1þ
x2pe
k2
Zj;lqh nze; nheð Þ þ
x2pi
k2
Zj;lqh nzi; nhið Þ:
(21)
The three dimensional non-Maxwellian (kappa) distributed
electrons are given by the expression34
052107-3 Arshad, Aman-ur-Rehman, and Mahmood Phys. Plasmas 23, 052107 (2016)
 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  111.68.98.210 On: Tue, 10 May
2016 09:24:09
f0e¼ n0e
p3=2h2?hk
C jþ1ð Þ
j3=2C j1=2ð Þ 1þ
v2k
jh2ke
þ v
2
?
jh2?e
" #j1
; (22)
where j is the spectral index and hðk;?Þe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2j 3Þ=jp
vTeðk ;?Þ with j > 3=2 is the effective thermal velocity for
non-thermal electrons such that vTeðk;?Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Teðk;?Þ=me
p
is
the thermal velocity of the electrons along the parallel and
perpendicular directions, respectively. Here, Teðk;?Þ is the
electron temperature in energy units. The ions are compara-
tively massive and usually follow the three dimensional
Maxwellian distribution as given by the equation:35
f0i ¼ n0i
2pð Þ3=2v2TkivT?i
exp 
v2k
v2Tki
þ v
2
?
v2T?i
 !
; (23)
where Tiðk;?Þ is the ion temperature in energy units and
vTiðk;?Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Tiðk;?Þ=mi
p
is the thermal velocity of ions in the
parallel and perpendicular directions, respectively. The dis-
persion functions of the ion acoustic plasma waves in Eq. (21)
with helical perturbed electric field, Lorentzian electrons, and
Maxwellian distributed ions can be expanded under the condi-
tion (nhi; nzi  1 and nhe; nze  1) obtained as follows:
ðx; k; lqhÞ ¼ 1þ ve þ vi; (24)
such that
ve ¼
1
k2k2De
j 1=2ð Þ
j 3=2ð Þ 
1
!2
1
k2k2De
þ 2i ﬃﬃﬃpp xC jþ 1ð Þ
j3=2C j 1=2ð Þ
 x
2
pe
k3h3ke
1þ ! 1þ !2 x
2
jk2h2ke
 !j124
3
5;
and
vi ¼ 
x2pi
x2
1þ
3k2v2Tki
x2
" #
 x
2
pi
!2x2
1þ
3k2v2Tki
!2x2
" #
þ 2i ﬃﬃﬃpp xx2pi
k3v3Tki
exp  x
2
2k2v2Tki
 !
þ ! exp !2 x
2
2k2v2Tki
 !" #
;
where ! ¼ k=lqh.
The dielectric function ðx; k; lqhÞ consists of real
Re½ðx; k; lqhÞ and imaginary Im½ðx; k; lqhÞ parts such that
ðx; k; lqhÞ ¼ Re½ðx; k; lqhÞ þ Im½ðx; k; lqhÞ and temporal
angular velocity of the wave as x ¼ xr þ ic. The real part
xr of the temporal angular frequency of the given twisted
ion acoustic wave can be calculated by putting the real part
of the dielectric function ðx; k; lqhÞ to zero which yields
x2r ¼
k2C2s
!2
1þ!2ð Þ
2
j 1=2ð Þ
j 3=2ð Þ þ k
2k2De
 þ 3Ti
Te
1þ!4ð Þ
1þ!2ð Þ
2
64
3
75: (25)
The above equation presents the dispersion relation of
twisted ion acoustic in the presence of Lorentzian electrons
and Maxwellian distributed ions and Tke; i ¼ Te; i has been
defined in the further calculation. Here, we can define a new
type of ion acoustic speed Cs;l ¼ CsOAM ¼ Cs=! (or twisted
ion acoustic speed) with Cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Te=mi
p
known as acoustic
speed for planar perturbations, and Eq. (25) is modified as
follows:
x2r ¼ k2C2sOAM
1þ!2ð Þ
2
j1=2ð Þ
j3=2ð Þþk
2k2De
 þ3Ti
Te
1þ!4ð Þ
1þ!2ð Þ
2
64
3
75: (26)
In the limit j!1, kappa distributed electrons exhibit
Maxwellian distribution in the phase space and the above
dispersion relation in Eq. (25) becomes the similar to that
written in Eq. (24) of Ref. 30.
The weak Landau damping rate c for ion acoustic
plasma waves with kappa distributed electrons in the
presence of twisted electric field can be obtained from the
relation c ¼ ½ImðÞ=ð@ReðÞ=@xÞx¼xr . Using the respec-
tive values of ImðÞ and ReðÞ in the expression of c,
we have
c ¼ 
ﬃﬃﬃ
p
p
x4r!
2
k2x2pi 1þ !2ð Þ
ce þ ci½ ; (27)
where ce and ci are presenting the contributions of the elec-
trons and the ions to the damping factor with expressions
ce ¼
C jþ 1ð Þ
j3=2C j 1=2ð Þ
xr
k
x2pe
h3ke
1þ ! 1þ !2 x
2
r
jk2h2ke
 !j124
3
5;
(28)
and
ci¼
xr
k
x2pi
v3Tki
exp  x
2
r
2k2v2Tki
 !
þ!exp !2 x
2
r
2k2v2Tki
 !" #
: (29)
In the limit, the azimuthal wave number approaches to zero,
i.e., lqh ! 0 or !!1; we will obtain the same results as
that of the plane wave electric field perturbations. To under-
stand it, we have to analyze the terms containing ! in
Eqs. (27)–(29). For !!1, the power term in Eq. (28) and
exponential term in Eq. (29) decay very fastly to zero, which
results in the vanishing of second term from ce and ci (i.e.,
damping due to twisted factor) from respective equations.
Also in the limit !!1, the term !2=ð1þ !2Þ ¼ 1 in Eq.
(27) gives the planar damping rate of the ion acoustic wave
as follows:
c ¼ 
ﬃﬃﬃ
p
p
x4r
k3x2pi
C jþ 1ð Þ
j3=2C j 1=2ð Þ
x2pe
h3ke
þ x
2
pi
v3Tki
exp  x
2
r
2k2v2Tki
 !24
3
5:
(30)
From Equation (27), we get the following dimensionless
weak damping rate of the ion acoustic twisted waves with
Maxwellian distributed ions and kappa distributed electrons
given by:
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c
xr
¼ 
ﬃﬃﬃ
p
p
1þ !2ð Þ1=2
! 2
j 1=2ð Þ
j 3=2ð Þ þ k
2k2De
 3=2
ﬃﬃﬃﬃﬃ
me
mi
r
ce þ ci
" #
; (31)
and the simplified form of ce and ci is as follows:
ce¼
C jþ1ð Þ
2j3ð Þ3=2C j1=2ð Þ
 1þ! 1þ me=mi
2j3ð Þh2ke
1þ!2ð Þ
2
j1=2ð Þ
j3=2ð Þþk
2k2De
 
0
B@
1
CA
j1
2
664
3
775;
(32)
and
ci ¼
Te
Ti
 3=2
exp  1
!2
Te
Ti
1þ!2ð Þ
2
j 1=2ð Þ
j 3=2ð Þþ k
2k2De
 
0
B@
1
CA
2
64
þ!exp Te
Ti
1þ!2ð Þ
2
j 1=2ð Þ
j 3=2ð Þþ k
2k2De
 
0
B@
1
CA
3
7775: (33)
In the limit ! ¼ k=lqh (ratio of parallel to azimuthal wave
number) and spectral index kappa j approaches to infinity
such that !!1 and j!1, the obtained Landau damping
rate described in Eq. (31) with (32) and (33) is analogous to
that given in Ref. 35.
IV. NUMERICAL PLOTS
In this section, the weak and strong damping rates of the
twisted ion acoustic wave vs b ¼ Te=Ti (i.e., temperature
ratio of electrons to ions) in plasma containing non-thermal
kappa distributed electrons and Maxwellian distributed ions
plasma are plotted. The weak damping rate of the wave is
obtained from Eq. (31) with (32) and (33), respectively.
However, the plots for strong damping rates of the ion
acoustic twisted waves in non-thermal electrons plasma are
obtained from the exact numerical solutions of Eq. (21)
by putting ðx; k; lqhÞ ¼ 0. In order to find the imaginary
roots (or damping roots) of the wave frequency from Eq.
(21), the well known numerical technique (Newton Raphson
method)36 has been used. The obtained results are discussed
below:
Figures 1(a) and 1(b) provide the analytical and exact
numerical plots of normalized Landau damping rates c=xr
against b ¼ Te=Ti (the temperature ratio of electrons to ions)
of the twisted ion acoustic waves at various values of the
azimuthal wave number lqh for the Maxwellian distributed
electrons, i.e., j!1 case. Here, we have considered three
cases of ! ¼ k=lqh (ratio of parallel to azimuthal wave num-
ber) to plot the normalized damping rate of the wave vs b,
i.e., (i) for the azimuthal wave number lqh greater than paral-
lel wave number k such that ! ¼ 0:5, (ii) when the azimuthal
wave number lqh is equal to the parallel wave number k such
that ! ¼ 1, and (iii) for the azimuthal wave number lqh is
less than parallel wave number k such that ! ¼ 1:5 for the
non-planar (azimuthal electric field) cases, respectively, and
one for the planar electric field case (iv) for the very small
azimuthal wave number (so that lqh ﬃ 0) in comparison to
parallel wave number k such that ! ¼ 1. It can be observed
from Figures 1(a) and 1(b) that normalized Landau damping
rate of the twisted ion acoustic wave c=xr is least for ! ¼ 1,
while smaller for ! ¼ 1:5 > 1 and larger for ! ¼ 0:5 < 1 as
compared with each other for the non-planar (azimuthal elec-
tric field) case. The physical reason of wave damping rate to
be large for ! ¼ 0:5 < 1 case seems to be that for large
azimuthal wave number the more number of particles will
take energy from the wave and the phenomenon wave parti-
cle interaction increases. Therefore, the damping of the wave
for ! ¼ 0:5 < 1 case is traced below than ! ¼ 1:5 and ! ¼
1 cases. However, if we compare the wave damping rate of
the twisted wave cases (! ¼ 0:5, 1, and 1.5) with the planar
FIG. 1. (a) The plots of normalized weak Landau damping rate c=xr
obtained analytically described in Eqs. (31)–(33) are presented against the
temperature ratio of electrons to ions b ¼ Te=Ti, for the twisted ion acoustic
modes using different values of ! ¼ k=lqh, i.e., (! ¼ 0:5: Blue dotted
curve), (! ¼ 1: Green dashed curve), and (! ¼ 1:5: Red dotted dashed
curve) as well as for planar ion acoustic mode, i.e., !!1 (Black solid
curve) are shown for kappa distributed electrons case, i.e., at j!1 and
kkDe ¼ 0:1. (b) The exact numerical results are shown of normalized strong
Landau damping rate c=xr obtained from Eq. (21) by putting ðx; k; lqhÞ ¼
0 against the temperature ratio of electrons to ions b ¼ Te=Ti, for the twisted
ion acoustic modes using different values of ! ¼ k=lqh, i.e., (! ¼ 0:5: Blue
dotted curve), (! ¼ 1: Green dashed curve), and (! ¼ 1:5: Red solid curve)
as well as for planar ion acoustic mode, i.e., !!1 (Black solid curve) at
j!1 and kkDe ¼ 0:1.
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case (! ¼ 1), the black planar curve appears below the
twisted curves showing higher damping values for the planar
mode in comparison to non-planar (twisted) ion acoustic
mode.
Now we will study the comparison of our analytical and
exact numerical results for twisted ion acoustic wave in non-
thermal electrons plasmas. In Figure1(a), the curves obtained
through analytical results show growing trend instead of
damping about b¼ 3 which violates the physical interpreta-
tion of increasing damping rates of the ion acoustic wave at
low values of temperature ratio of electron and ion. It hap-
pens as the weak damping approximation (nzi, nzi  1 and
nhe; nze  1) of the twisted ion acoustic wave has been used
to expand the plasma dispersion function for obtaining ana-
lytical results and the numerical plot is shown in Figure 1(a).
In order to encounter the weak damping approximation, the
exact numerical results for strong damping rates of twisted
ion acoustic modes are also reported in Figure 1(b) for the
same values of !. Now the growing trend of damping curves
is almost removed at the values of temperature ratio less
than b¼ 3 which agrees well with the increasing behavior of
Landau damping phenomenon of twisted ion acoustic waves
at low values of electron to ions temperature ratio.
In Figures 2(a) and 2(b), the analytical and exact numer-
ical plots of normalized Landau damping rates c=xr of the
twisted ion acoustic waves against b ¼ Te=Ti (the tempera-
ture ratio of electrons to ions) are presented for the kappa
distributed electrons, i.e., j ¼ 3. We have shown the Landau
damping rates of the twisted ion acoustic wave for three dis-
tinct values of ! ¼ k=lqh (ratio of parallel to azimuthal wave
number), i.e., (i) for lqh > k such that ! ¼ 0:5, (ii) when
lqh ¼ k such that ! ¼ 1, and (iii) for lqh < k such that ! ¼
1:5 for the non-planar (azimuthal electric field) cases, respec-
tively, and one for the planar electric field case (iv) for the
very small azimuthal wave number (so that lqh ﬃ 0) in com-
parison to parallel wave number k such that !!1. It is
observed from figures that the Landau damping rate is larger
at ! ¼ 0:5, in comparison to ! ¼ 1:5 and ! ¼ 1. It is
because of the presence of number of particles increases to
take energy from the ion acoustic wave at ! ¼ 0:5 in the
energy spectrum. That is why blue dotted curve appears
below the red dotted dashed and green dashed curves. But if
we compare (lqh < k such that ! ¼ 1:5 and lqh ¼ k such
that ! ¼ 1) with each other, then the Landau damping rate
of ! ¼ 1:5 is larger as compared with ! ¼ 1. It is due to the
fact that the balancing of parallel and azimuthal wave num-
bers reduces the wave particle interaction phenomena. That
is why green dotted curve is above the red dotted dashed
curve. Now if we compare the planar case !!1 with the
non-planar ones ! ¼ 0:5, 1, and 1.5, then the damping of
planar curve (shown by black solid curve) is again seen to be
traced below the non-planar curves.
We compare twisted ion acoustic wave damping curves
of both the analytical and exact numerical results for non-
thermal electrons plasma. It is seen that the analytical curves
show growing trend instead of damping near the values of
b¼ 5 which is not in accordance to the physical interpreta-
tion of increasing damping rates at low value of b which is
defined in terms of electron to ion temperature ratio. This
behavior is the outcome of the weak damping approximation
employed for obtaining analytical results shown in Figure
2(a) for the twisted ion acoustic wave. In order to show
physically valid behavior throughout the curve, the exact
numerical results of damping rates of twisted ion acoustic
modes are also reported in Fig. 1(b) for the same values of
!. Now the growing trend of damping curves is removed for
the less values of electrons to ions temperature ratio b¼ 5
and it agrees well with the physical explanation of the
Landau damping rate of twisted ion acoustic wave in non-
thermal electrons plasma at low values of b.
Figure 3 presents the exact numerical plots of normal-
ized Landau damping rates c=xr against the temperature
ratio of electrons to ions, i.e., b ¼ Te=Ti of the twisted ion
acoustic waves having fixed kappa distributed electrons, i.e.,
j¼ 3, and ratio of parallel to azimuthal wave number, i.e.,
! ¼ 1 for three distinct values of wave number which are
normalized electron Debye length such that
kkDe ¼ 0:3; kkDe ¼ 0:6, and kkDe ¼ 0:9. It is obvious that
the damping rate of the twisted ion acoustic waves is high
FIG. 2. (a) The plots of normalized weak Landau damping rate c=xr
obtained analytically described in Eqs. (31)–(33) are presented against the
temperature ratio of electrons to ions b ¼ Te=Ti, for the twisted ion acoustic
modes using different values of ! ¼ k=lqh, i.e., (! ¼ 0:5: Blue dotted
curve), (! ¼ 1: Green dashed curve), and (! ¼ 1:5: Red dotted dashed
curve) as well as for planar ion acoustic mode, i.e., !!1 (Black solid
curve) are shown for Maxwellian distributed electrons case, i.e., at j¼ 3 and
kkDe ¼ 0:1. (b) The exact numerical results are shown of normalized strong
Landau damping rate c=xr obtained from Eq. (21) by putting ðx; k; lqhÞ ¼
0 against the temperature ratio of electrons to ions b ¼ Te=Ti, for the twisted
ion acoustic modes using different values of ! ¼ k=lqh, i.e., (! ¼ 0:5: Blue
dotted curve), (! ¼ 1: Green dashed curve), and (! ¼ 1:5: Red solid curve)
as well as for planar ion acoustic mode, i.e., !!1 (Black solid curve) at
j ¼ 3 and kkDe ¼ 0:1.
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for kkDe ¼ 0:9, which is due to the fact that the damping rate
of the wave increases as it wavelength approaches to the
electron Debye length.
Finally, Figure 4 provides the comparison of Landau
damping rates with Maxwellian (j!1) and non-
Maxwellian or kappa distributed (j¼ 3) electrons Vs the
temperature ratio of electrons to ions, i.e., b ¼ Te=Ti of the
twisted ion acoustic waves. The purple dotted dashed curve
is shown below the black solid line which clearly indicates
that the Landau damping rate of purple curve (corresponds
to kappa: j¼ 3) is higher than black curve (i.e., j!1,
containing Maxwellian distributed electrons). It reveals that
the Lorentzian distributed superthermal electrons absorb
more energy from the twisted ion acoustic wave as compare
to Maxwellian distributed electrons case as they have more
energetic electrons in the tail of energy spectrum. Therefore,
Landau damping of the twisted ion acoustic wave is larger
for the electrons following generalized Lorentzian or kappa
distribution and smaller for the Maxwellian distributed elec-
trons as shown in the figure.
V. CONCLUSION
To conclude, we have studied the kinetic description of
the damping rate Vs temperature ratio of the electrons to
ions of the ion acoustic twisted wave in non-thermal kappa
distributed electrons plasma. The twisted ion acoustic waves
in electron-ion plasma are studied using the Vlasov-Poisson
equation and the plasma dielectric function is derived in the
presence of the orbital angular momentum (OAM) of the
helical (non-planar or twisted) electric field perturbations
with kappa distributed electrons and Maxwellian distributed
ions. The perturbed distribution function and electric field
are decomposed into Laguerre-Gaussian (LG) modes
described in cylindrical coordinates. The analytical results
for weak damping rates of the twisted and planar ion acoustic
waves are obtained and plotted numerically as well. The
exact numerical plots for strong damping effects of the
twisted ion acoustic wave at low values of temperature ratio
of electrons to ions are also investigated using the Newton
Raphson method, where the weak damping wave theory fails
to explain the Landau damping phenomenon properly.
Our results are applicable to laser plasma interactions
and in space plasmas, where the helical electric field pertur-
bations with non-thermal electrons and thermal ions plasmas
can exist. The laser heating of plasmas has been investigated
in many experiments and the Landau damping of ion acous-
tic waves in deuterium (Dþ) plasma is studied at Te ¼ 5Ti.37
A comparative study of ion acoustic wave damping is inves-
tigated by analytical as well as exact numerical approaches
as shown in Fig. (8.18) of Ref. 38 against the temperature
ratio of electron to ion, i.e., Te=Ti. This figure clearly shows
that strong ion acoustic wave damping effects appear when
Te=Ti ’ 1, i.e., the electron temperature approaches the ion
temperature, which can be studied through only the numeri-
cal approach. The electrostatic waves in Saturn’s magneto-
sphere39 are simulated by the particle in cell (PIC) scheme.
In the case of ordinary electrons, the dispersion diagrams of
ion acoustic wave are studied with (Te=Ti ¼ 1, 50, and 100),
indicating that the range of temperature ratio of electron to
ion (i.e., Te=Ti ¼ 1 100) and possible ratio of temperatures
of hot (Th) and cold electrons (Tc) to ions (Tc=Ti ¼ 2, 10 and
Th=Ti ¼ 200, 1000) are also discussed. In some space plasma
regions, the ion temperature is reported higher in comparison
to the electron temperature, i.e., Ti=Te > 1. In the magneto-
tail, the qualitative investigations are made for the proton-
electron plasma sheet and ion to electron temperature ratio
Ti=Te is reported between 4 and 6.
40 In the solar wind termi-
nation shock,41 the role of electrons is very important. The
interaction of electrons and shock electric field caused the
distribution of downstream electrons to be non-thermal
(kappa). In conclusion, our present study holds for Ti=Te < 1
which remains valid for studying twisted ion acoustic waves
in nonthermal plasmas.
APPENDIX: PROPERTIES OF LAGUERRE-GAUSSIAN
(LG) MODE FUNCTION
• The Laguerre-Gaussian (LG) mode function Fplðr; zÞ is
defined as34
FIG. 4. The exact numerical results are shown of normalized strong Landau
damping rate c=xr obtained from Eq. (21) by putting ðx; k; lqhÞ ¼ 0 against
the temperature ratio of electrons to ions b ¼ Te=Ti, for the twisted ion
acoustic modes using different values of spectral indices j, i.e., (j ¼ 3:
Purple dotted dashed curve) and (j!1: Black solid curve) at kkDe ¼ 0:1
and ! ¼ k=lqh ¼ 1.
FIG. 3. The exact numerical results are shown of normalized strong Landau
damping rate c=xr obtained from Eq. (21) by putting ðx; k; lqhÞ ¼ 0 against
the temperature ratio of electrons to ions b ¼ Te=Ti, for the twisted ion
acoustic modes using different values of kkDe, i.e., (kkDe ¼ 0:9: Green
dashed curve), (kkDe ¼ 0:6: Red dotted dashed curve), and (kkDe ¼ 0:3:
Blue solid curve) at j¼ 3 and ! ¼ k=lqh ¼ 1.
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Fplðr; zÞ ¼ CplXjljLjljp ðXÞ exp ðX=2Þ;
where X ¼ r2=w2ðzÞ such that w(z) is the beam waist.
Here, integers p and l are the radial and angular mode
numbers, while h denotes the azimuthal angle.
We can define the normalization constants Cpl and the
associated Laguerre polynomials Ljljp ðXÞ by the following
expressions:
Cpl ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlþ pÞ!=4pp!
p
;
and
Ljljp ðXÞ ¼ expðXÞdp=dXp½Xlþp expðXÞ=p!X:
The orthogonality condition for the Laguerre-Gaussian
(LG) modes is given by the equation
hFp0l0  jFpli ¼
ð2p
0
dh
ð1
0
rdrFp0l0Fpl exp ½iðl l0Þh ¼ dpp0dll0 :
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